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Given a population of two sexes, the birth rate of one sex of which depends upon the population 
size of the other, it is very difficult to find an explicit expression for the probability distribution 
of the former. In this paper we have explicitly found the probability generating function of the 
joint distribution from which individual probability distributions and, in particular, moments of 
all orders in each case can be obtained in principle. As an example, using this probability generating 
function we have worked out explicitly the first and second order moments of the male and female 
populations and the explicit expression for the distribution of the male population in a particular 
case. This method can be successfully applied for the same purpose in the studies of chemical 
and biological processes where the synthesis or production of one species depends upon the 
concentration of another species. 
marriage dominance * marginal distribution * probability generating function * Riccati 
equation * confluent hypergeometric function 
1. Introduction 
The stochastic process describing a population of two sexes where the females 
are marriage dominant i.e., where the birth rates of both males and females depend 
only on the female population size has been dealt with by Goodman [4], Joshi [5], 
Bharucha-Reid [2], Bailey [ 11, Pollard [7] and others. 
The stochastic process for the growth of population under consideration gives 
rise to a bivariate process of the birth-and-death type. Since the female subpopulation 
which has been supposed to be marriage dominant follows a simple birth-and-death 
process, the probability distribution of the females in the population can be explicitly 
obtained but the behaviour of the male population size (which is not marriage 
dominant) is somewhat more difficult to analyse since male births depend on the 
female population. In fact no direct method for obtaining an explicit expression 
for the distribution of males in such a population has yet been found. However, 
the above authors have utilized the method of moment or cumulant generating 
functions to obtain the first and second order moments of the males and females. 
But this method turns out to be unwieldy when attempting to obtain higher order 
moments. Furthermore their studies do not shed any light on the nature of the 
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probability distribution of the male population which is definitely of much interest. 
In the cases where neither males nor females are marriage dominant i.e., where the 
contribution from the birth rates of both the subpopulations depend on the total 
population size, neither of the distributions of males or females follow a simple 
birth-and-death process and thus it is difficult to obtain an expression of the 
distribution of each of the sexes in such cases. In this paper we have explicitly 
found the probability generating function of the joint probability distribution in 
such cases i.e., when either or both of the sexes are not marriage dominant by using 
standard mathematical techniques of solving nonlinear differential equations. Mean- 
while it is brought to our notice [3b] that Gani and Tin [3a] have simultaneously 
obtained a solution of similar type by a different approach, but concentrating rather 
on the structure of the process. In our case, we have concentrated on the analysis 
of the relevant joint and marginal distributions. 
2. The stochastic model of population growth 
Much of this section is standard birth-and-death process material, derived initially 
by Goodman [4] and referred to in various texts ([l, 2,7]). The results are briefly 
discussed here. 
If X(t) and Y(t) denote the numbers of females and males in the population at 
time t and if 
P,,,(t)=P{X(t)=x, Y(t)=y}, x~O,y~O 
denotes the joint probability distribution of X(t) and Y(f), then the 
may undergo) the following transitions: 
Transition Probability in unit time 
x,Y+(x+l,Y) 
+(x,y+l) 
-(X-lrY) 
+(&Y-l) 
+(x, y) (i.e., no change) 
‘+px 
Aqx 
CLX 
PL’Y 
I-[A(P+q)+++CL’Yl 
population 
whereA>O,~~O,~‘~Oandp+q=l. 
Hence it is clear that the probabilities P,,,(t) satisfy the following system of 
differential-difference equations: 
dP (t) 
A= -[(A +~Lx+II’YIP~,y(f)+[hP(x- l)lPx-,,,(t) 
dt 
+AqxPx,,-,(t)+P(x+ l)Px+,.y(t)+P’(Y+ 1)Px,,+,(t) 
(forx,y=O, 1,2,. ..), 
(2.1) 
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Px,,(0) = 1 for (x, y) = (h, kd, 
=0 for(x,y)#(k,,k,). 
and Px,,(t)=O for x,y<O. 
By appropriate summations, one can obtain from equation (2.1) 
dE[X(t)l W[X(t)l- /-&X(f)l, 
dE[ Y(t)1 
dt 
= wH-X(~)1-/1’E[Y(~)l, 
(2.2) 
(2.3) 
(2.4) 
which on solving gives 
E[X( t)] = k, e(*‘-“I’, (2.5) 
E[ Y(t)] = k, epp” + A& 
AP-P+Pt 
[e CAP-P)’ _e-“” 1 (2.6) 
where E[X(O)] = k, and E[ Y(O)] = k, are the initial values. From the expression 
for the expected number of the female sub-population X(t) (equation (2.5)) and 
from the assumption that the probability of transition of X(t) from state x to state 
x + 1 or x - 1 in (t, t + At) is proportional to x, the constant of proportionality being 
hp or p respectively, it is clear that the growth of the females follows a simple 
birth-and-death process. By the standard method [ 1,2,7] the marginal distribution 
of X(t) when k, = 1 can easily be found to be, for Ap Z I.% 
P~(~)=[l-P,(r)][l-~P,,(t)](~P,(r))x-’, x=1,2,3,..., (2.7) 
where 
P,(t) = 
p(e 
(APpp)t _ 1) 
AP e 
(AP--cL)f ’ 
-cr 
with probability generating function (p.g.f.) 
F( r, t) = 
~(1 -e ++d) + ,.(Ap e-(Ap-@)r _ p) 
Ap _/I e-(Ap-P)r _ ,.Ap( 1 _ e-(Ap-dr) ’ IrIG 1, 
and when Ap = CL, then 
P,(t)=(l-P,J2P,“-‘, x=1,2,3 ,._._ 
where 
(2.8) 
(2.9) 
PO(t) =x 
l+Apt 
362 P. K. Tapaswi, R. K. Roychoudhury / Two-sex population process 
with the p.g.f. which is now 
(2.10) 
The growth of the male subpopulation Y(t) does not follow a simple birth-and-death 
process, since the transition probability from state y to state y+ 1 in (t, t+ At) is 
proportional to x(t) (the number of females in the population at time t). Hence 
the marginal distribution P,(t) cannot be obtained by the previous method. 
Thus in order to have an explicit expression for the distribution Z’,(t) also, we 
go back to the original master equation (2.1) and make attempts to solve this equation 
for the generating function of the joint probability distribution PX,,( t) using standard 
mathematical techniques of solving nonlinear differential equations. 
3. Solution of the master equation (2.1) in terms of the probability generating function 
(p.g.f.1 
Let 
F(r,s,t)= f T Px,y(t)rxsY, lr)Sl, IslSl 
x=0 y=o 
(3.1) 
be the generating function of the probabilities F’,,,(t). Then, from equation (2.1), 
F(r, s, t) satisfies the partial differential equation 
The subsidiary equations are 
dr ds -dt dF 
Apr2+Aqrs-Ar-pr+pz=f(l-s) 
=-=- 
1 0 ’ 
(3.3) 
The last and third items of (3.3) give the integral 
F = Constant, 
while the second and third give the integral 
(s - 1) e-W,1 = Constant = c, (say) 
and the first and third items give the equation 
dr=-[Apr’fAqrs-(A+p)r+p]dt. 
Substituting s from (3.5) and then putting e’“” = X in (3.6) gives 
dr hpr2+hqr+Aqrc,%-(A+p)r+p --= 
dt /_L!X 
(3.4) 
(3.5) 
(3.6) 
(3.7) 
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Now, making the transformation r = (7-t I), (3.7) reduces to 
dF ApJ2 (hp+AqcJ-p)j Aqc, _=--- -- 
dx /L’X PlX , . P 
Equation (3.8) can be written as 
j’=f(Z)+g(Z)y+h(X)y2 
which is a generalized Riccati equation where 
(3.8) 
(3.9) 
f(n)=_%, g(R+__AP+hqcJ-p 
P /1!% 
and h(a) = -$. (3.10) 
We give the transformation to the Riccati equation (3.9) 
yh(f)u(f)+ u’(X) = 0, log u(n)+yh(x) dx=O. 
The result is 
u”(n)+P(Z)u’(Z)+ Q(Z)u(Z) =o 
where P(x) = -(g+ h’/h), Q(Z) =f(Z)h(f), i.e., 
(3.11) 
(3.12) 
P(X) = 
Ap-/I+Aqc,f+p’ 
/.L’f 
and Q(z)=h P,2Z (from (3.10)). (3.13) 
Substituting (3.13) in (3.12) gives 
ll”( a) + 
Ap-p+Aqc,R+p’ A 2pqc, 
P’X 
u’(X) +- 
CL’% 
u(X) = 0 
which can be rearranged as 
Xu”(X) + u(Z) = 0. 
Let X = /3z. Then (3.15) becomes 
zu”( z) + u(z) = 0. 
Putting 
Aqc,P _-= 
CL’ 
1, i.e., p = -& 
A%’ 
equation (3.16) can be written as 
zu”( z) + AP-P+P' 
P’ 
-z 
> 
d(z) -%4(z) = 0. 
P”’ 
(3.14) 
(3.15) 
(3.16) 
(3.17) 
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This is a confluent hypergeometric equation (Kumer’s equation) having a regular 
singularity at z = 0 and an irregular singularity at 00. Its independent solutions are 
(writing in terms of X): 
u,(X)= M AP Ap-y+lJ' 
Aqc,X 
:, _- 
/I ) PI ’ p) ’ 
(3.18) 
u*(x) = u 
AP Ap-p+/J’ hqc,% 
,, 
p > lit ’ Y’ ’ 
where, writing a = ApIp’, b = (Ap - p + p’)/p’ and z = - (Aqc,.f/p’), M(a, b, z) and 
U(a, b, z) are given by 
az a(af 1) z2 
M(a, b, z) = 1+-++,-++ . . 
b b(b+1)2! 
+U(U+l)(a+2). * * (a+~-l)z”+* 
b(b+l)(b+2)...(b+n_l)n! ” 
(3.19) 
and 
M(a, b, z) 
r(l+a-b)T(b)-Z 
,_,M(l+a-b,2-b,z) 
T(a)T(2 - b) 1 (3.20) 
(Slater [S]). Then the solution of the Riccati equation (3.9) is 
jj=r-l=- 
u;(x)+ c*u{(X) 
h(aw,(3+%(-3) 
(Mwhy[61) 
i.e., 
yh(~)u,(x)+u;(x) 
c2= -yh(a)u,(x)+ u{(X)’ 
(3.21) 
(3.22) 
where c2 is another constant. 
Now putting back j = r - 1, x = e@“” and substituting h(Z) from (3.10) in (3.22) 
gives 
p’e ““4-Ap(r- 1) =constant 
Ap(r- l)u, -~‘e~“u’, 
(3.23) 
where u, and u2 stand for the functions u,(x) and u2(x) respectively. Hence from 
(3.5) and (3.23) we get 
F(r,s,t)=@ 
’ ““u;-Ap(r-l)u, 
(~--l)e-~“,~ e 1 Ap(r- I)u, -p’eP”u{ ’
At t=O,letx=k,=l andy=k,=O,then 
P’uT-Ap(r-l)uz 1 Ap(r- I)uy--_cL’uy -
(3.24) 
(3.25) 
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Put s-l=w and (p’t&Ap(r-l)u;)/(Ap(r-l)uy-p’uy)= V, i.e., s=l+w and 
r = /hg+ Aput+ V(hpuy+ p’uyj. 
Ap(u;+ u:V) ’ 
then 
0(w, V)= 
/_~‘u;‘+Apu;+ V(hpu~++~~)= l+p’(u;‘+uyV) 
Ap(u;+ u:V) Ap(u;+u:V)’ 
Hence, 
0, p’u;e*“-Ap(r-l)u, 
, u;+u, 
F(r,s,r)=l+G 
[ Ap(r- l)u, -_t~‘u; eP” 1 
~‘u~e“‘‘-Ap(r-l)u, 
Ap( r - l)u, - p’u’, es” 1 
(3.26) 
where A=Ap(r-l)u,-p’u;e“” and B=Ap(r-l)u,-~‘~;e~““. 
Thus we get the explicit expression of the generating function F(r, s, t) of the 
joint probability distribution Px,,( t). 
The determination of the joint probability distribution P,,,(t) from (3.26) would 
be very tedious. Note also that the interesting moments of both X(t) and Y(t) can 
be obtained much more simply by other methods, and that the probability generating 
function for X(t) is well-known. Formula (3.26) only really helps us with the 
probability generating function for Y(t). 
In the next section we shall utilize the expression (3.26) to obtain the marginal 
distribution and moments of X(t) and Y(t). 
4. The marginal distribution Px(t) 
From the definition, the generating function F(r, t) of the marginal distribution 
P,(t) is given by 
F(r, t) = F(r, s, t)ls=,. (4.1) 
Now, as s+ 1 (i.e., z+O), we have from (3.18), (3.19) and (3.20), 
ul=l, 
for Ap # CL, 
forAp=p (since b = 1 for Ap = p), 
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1 Z 1-h 
I-(l+a-b)I-(b)-T(a)T(:!-b) 1 for hp f /.A, 
for hp = p 
(Slater [8]) 
(4.2) 
IT u;=--- (w,lP’)(l- bFb 
sin nb T(a)T(Z-b) 1 for Ap z cL 1 
1 WI _- -~ 
= zT(a) ( > /_&’ 
for Ap = CL, 
and for up and up’, similar expressions replacing z by zO. Also, remembering from 
(3.5) and (3.18) that 
k?c,x z=--=_pl) Wl 
P’ 
and zo=--= 
CL’ 
(4.3) 
and setting s = 1 we substitute (4.2) in (3.26) to obtain directly the well known 
p.g.f.‘s for the linear birth-and-death process X(t) with birth rate hp and death rate 
p, in both the cases hp # p and Ap = p as given in (2.8) and (2.10), leading to the 
probability distributions (2.7) and (2.9) respectively. 
To obtain expressions for the mean and variance of X(t) we note that 
Wr, f) 
E[X( ?)I = yy = e(AP-PH 2 
r=I 
(4.4) 
and 
All the other higher moments of X(t) can be obtained by similar calculations. 
5. The marginal distribution P,,(t) 
As before the generating function F(s, t) of the marginal distribution P,(t) can 
be obtained directly from the generating function F(r, s, t) in the following way: 
F(s, t) = F(r, s, t)l,=,. (5.1) 
Hence from (3.26) and (5.1) we have 
(5.2) 
(5.2) is the explicit expression for the p.g.f. of the marginal distribution cV( t). 
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For the sake of simplification we shall consider, without loss of generality, the 
particular case 
Ap=Aq=p’ and p=O. (5.3) 
Then it can easily be found that an independent pair of solutions satisfying equation 
(3.17) is given by 
ez- 1 1 
u, =- 
z ’ 
l&2=- 
Z 
(5.4) 
and for 1.4: and ui, similar expressions replacing z by z,,, where z and z0 are given 
by (4.3) as before. 
Hence substituting (5.3) and (5.4) in (5.2) we get after some algebraic computa- 
tions, 
C 1 sntm ek"- (-~)-_~~ Sn+m+l (5.5) 
n m *In 
where k = 1 -e-““. 
Hence, 
=e -p’t f ekn 
(-kr+-“_ ‘it ek,,-kn)y-“-’ 
n=O (y-n)! n-0 (y-n-l)! 1 
=e -&‘t i ekn (-kn)Y-“- E’ 
(Y-n)! 
e&- n)(-kn)y-” 
n=O n=O -kn(y-n)! 1 
=e -,d eky+yf’ ekn 
n=o 
(5.6) 
and 
P,(O) = 1. (5.7) 
Next, we shall calculate the moments of Y(r) in the general case utilizing the 
generating function (5.2) of the probability distribution P,(t). 
From (5.2) we have as before, 
(5.8) 
Using (3.18), (3.19), (3.20) and (4.3) in (5.8) we get after some computations, 
E[y( t)] = Aq 
AP-P+P' 
[e(+4r -e-P”]. (5.9) 
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Again, differentiating (5.2) twice with respect to s, setting s = 1 and by similar 
calculations as above we can show that the variance ut, is given by 
(Ap + p)A2q2 
g:=(hp-p+p’)2 
e2(AP-bL)r 2e(hPPll+w’)f _ ,ph” 
(*p-p)+ /.L’ hp-/..L+2/.L1 
2A2q2(Ap + j_~) eCApPP)’ 
-$(AP-/-~(AP-EL+~~~‘) 
+E[y(t)l. (5.10) 
We shall not give here the detailed calculations since this will be rather lengthy. 
Now, we shall calculate the covariance of X(t) and Y(t). From the definition of 
probability generating function F( r, s, t), we have 
d2F( r, s, t) 
Cov[X(t), Y(t)]= ar as . 
r=, 
P=, 
The expression (3.26) can be written as 
(5.11) 
1 
where 
P=ll.‘e~“(u~u;--uIu~‘), Q = Ap( u, u;‘- u:u,), 
R = p’ eP”( uyu; - ui u:), S=Ap(u,u;-uyu,). 
Hence 
(5.12) 
(5.13) 
(5.14) 
and 
d2F(r, s, t) 
i3r as 
+ terms involving higher powers of (s - 1) 1 . (5.15) 
Using (3.19), (3.20) and (5.13) and finally setting s = 1 in (5.15) we get, after some 
algebraic operation, 
a’F(r, s, t) 
ar as 
= Cov[X( t), Y(t)] 
r=L 
I= I 
Q(Ap+ p) 
=$(AP-~)(AP-CL+&) 
[(Ap _ p) e-P’f + p’ e(*P-+)’ 
- (Ap - p + p’)] eCAp-*)‘. (5.16) 
All other higher moments can be found out similarly extending the procedure as 
followed above. 
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6. Discussion 
In this paper we have made a direct approach to obtain the explicit solution of 
the probability generating function of the joint distribution of a population of two 
sexes where the birth of a male depends upon the female population size, i.e., in 
the case where the females are marriage dominant. To the best of our knowledge 
no attempt has until now been made to obtain an explicit expression for the 
probability generating function in such cases (Gani and Tin [3a], as mentioned in 
the introduction, have simultaneously solved the problem by a different approach). 
The previous authors have, however, successfully obtained the first and second 
order moments of the male population size indirectly with the help of the moment 
generating function. But their methods do not give any idea of the probability 
distribution of a marriage recessive population (here the male population) which, 
in our opinion, is very much essential to obtain a clear knowledge of the stochastic 
process in question. The explicit solution of the probability generating function 
obtained by us provides all necessary stochastic information on the population 
under investigation. 
Although the method of solution adopted here has been used to deal with a 
particular case where the females are marriage dominant this can be applied in the 
same way in the reverse case that is, where the males are marriage dominant and 
also in the case where neither males nor females are marriage dominant. 
This method can also be successfully used in the studies of reversible or irreversible 
chemical and biochemical processes in which the production or synthesis of a species 
(product) depends upon the concentration of another species (source). Also in the 
genetic transcription process where the RNA molecules are irreversibly synthesized 
by the DNA molecules and the synthesis of DNA does not explicitly depend upon 
the RNA population, the probability distribution of RNA population can be easily 
found out by this method (Tapaswi and Roychoudhury). 
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